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Mechanical properties of thermally sprayed coatings, especially of ceramics, are strongly influenced by a
high density of mesoscopic defects, microcracks of dimensions between fractions of lm up to tens of lm.
The anisotropic linear elastic stress–strain relations are valid only at very low deformations, e.g.,
|e| < 0.05%, with small values of Young’s moduli due to elastic openings and elastic partial closings of
microcracks. At higher deformations, e.g., 0.05% < |e| < 0.4%, the stress–strain relations are strongly
nonlinear. Under compressive stresses, elastic closing of microcracks leads to a gradual decrease of the
microcrack density and to an increase of Young’s modulus in compression. Under tensile stresses, the
microcracks slightly grow by inelastic processes; the microcrack density gradually increases and effective
Young’s modulus in tension decreases. A two-parametric equation containing linear and quadratic terms
is used to describe the nonlinear stress–strain curves of plasma-sprayed ceramic coatings. The effect of
nonlinearity on the bending of beams with coatings and the nonlinear combination of external and
residual stresses are discussed. The fracture of coatings at higher tensile stresses due to coalescence of the
microcracks is mentioned.

Keywords compression and tension, fracture, microcracks,
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1. Introduction

Thermal spraying is a process in which the material
usually in a powder form is melted, accelerated to a high
velocity and deposited on the substrate. Different tech-
niques of thermal spraying are used; e.g., plasma spraying,
detonation-gun spraying, high velocity oxy-fuel spraying,
etc. (Ref 1).

The microstructure of sprayed materials is complex. It
consists of irregular thin lamellae known as ‘‘splats’’,
formed by rapid solidification of the impacted molten
droplets, of diameters between 100 and 300 lm and
heights between 2 and 10 lm. For the spraying direction
)x3, the splats are approximately parallel to the spraying
plane, x1x2. The splats are polycrystalline and consist
usually of irregular fine columnar grains, elongated
approximately in the x3 direction. Imperfect bonds be-
tween the splats and substrate and between the individual
splats develop during the rapid cooling.

The total porosity of the sprayed materials is usually
between 2 and 15%, and is mostly due to four families of
defects (Fig. 1):

• irregular pores between the splats

• spherical pores inside the splats

• imperfect bonding between the splats along the inter-
faces approximately parallel to the spraying plane x1x2;
the unbonded regions are referred to as thin intersplat
voids (intersplat or horizontal microcracks or briefly
cracks)

• microcracks approximately perpendicular to the
spraying plane x1x2 formed inside the splats during their
rapid cooling after solidification. They form an irregular
microcrack pattern with microcrack normals distrib-
uted in the x1x2 planes, and are referred to as intrasplat
microcracks (vertical microcracks or briefly cracks)

Although the intersplat and intrasplat microcracks
represent only a small part of the total porosity, they are
believed to be the main factor causing the decrease of
Young’s moduli (due to elastic openings and partial clos-
ings of the microcracks under small stresses) and the
elastic anisotropy. The intersplat cracks lead to the
decrease of Young’s modulus E3 in the spraying direction
x3, while the intrasplat cracks lead to the decrease of
Young’s moduli E1 in the directions lying in the x1x2

plane. This effect is more pronounced in ceramic than in
metallic materials (Ref 1).

High macroscopic residual stresses usually appear in
thermally sprayed coatings (Ref 2). They can be divided
into three groups from the point of view of their origin:

• Quenching (or primary) residual stresses develop
during the deposition process through a fast thermal
contraction of solidified splats: they cool from the
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melting point down to the relatively low deposition
temperature; i.e., the temperature of the substrate and
of the previously deposited splats. The quenching
stresses are tensile and only slightly depend on the
substrate properties.

• Differential thermal contraction (or secondary) resid-
ual stresses appear when the substrate with the com-
pleted coating is cooled from the deposition
temperature (usually a few hundred �C) to the ambient
temperature. The secondary stresses depend on the
difference of thermal expansion coefficients of the
coating and substrate and can be tensile or compressive.

• In metal coatings deposited with a high velocity of the
impacted droplets (e.g., by detonation spraying) also
peening compressive stresses are produced.

The resulting residual stresses are sensitive to the
parameters of the spraying technology used, and may be a
function of the distance x3 from the interface, especially in
thick coatings. There is a close connection between the
quenching stresses and intrasplat cracks. The thermal
contraction of the splats due to cooling from the melting
temperature to the deposition temperature is of the order
of 1%, and the corresponding quenching stresses would be
high, of the order of a few GPa. However, the majority of
these stresses relax during cooling, in metals mostly by
plastic deformation and in ceramics preferentially by
microcracking. Therefore, intrasplat cracks are formed as
a process of relaxation of the quenching stresses. The
residual quenching stresses are usually smaller in ceramics
than in metals.

A typical thickness of thermally sprayed coatings is
between 0.2 mm and 1 mm. However, also free-standing
parts are manufactured by thermal spraying, usually by air

plasma spraying of ceramics. They are prepared as thick
coatings (of thickness up to 10 mm) and the substrate is
then removed, e.g., by dissolution or by separation along
the interface (Ref 3). The distribution of microcracks in
the free-standing parts remains the same as in the coat-
ings; however, the residual stresses partly relax and partly
redistribute during separation.

Microcracks of high density influence considerably
various properties of sprayed materials, some of them in a
negative way, but some in a positive way. The delamina-
tion of coatings under external loading, by thermal
stresses and also by residual stresses, proceeds by inter-
connection of microcracks in the interface. Fracture pro-
ceeds by interconnection of intrasplat cracks. On the other
hand, elastic openings of the intrasplat cracks (leading to
smaller Young’s moduli) allow the ceramic coating to
follow the tensile deformation of the substrate to defor-
mations �0.2% without formation of macroscopic cracks.
The microcracks improve the thermal-shock resistance of
sprayed materials. The intersplat cracks decrease the
thermal conductivity of sprayed coatings and improve
their function as thermal barriers (Ref 1).

In the previous literature on mechanical properties of
thermally sprayed materials, the main attention was paid
to small values of Young’s moduli, to the elastic anisot-
ropy at low stresses and to fracture at high tensile stresses
(Ref 1). In this paper, the nonlinearity of the mechanical
behavior of thermally sprayed ceramics at medium stres-
ses will be emphasized. Comments on the present theo-
retical models of the approximately linear elastic behavior
at low stresses will first be given. A nonlinear elastic
behavior under higher compressive stresses and nonlinear
inelastic behavior under higher tensile stresses will be
analyzed. A two-parametric equation containing linear
and quadratic terms of strain will be proposed to describe
the nonlinear stress–strain curves of plasma-sprayed
ceramic coatings. The effect of the nonlinearity on bend-
ing of substrates with coatings, and the nonlinear combi-
nation of external and residual stresses will be discussed.
The transition to fracture at high tensile stresses, due to
coalescence of microcracks, will be mentioned.

2. Summary of the Linear Elastic Behavior
at Low Stresses

The experiments show that coatings and freestanding
parts manufactured by thermal spraying have much
smaller elastic stiffness constants (measured at low stres-
ses), twice up to three times less for metals and three to
ten times less for ceramics, than the corresponding well
sintered materials. Moreover, they have different Young’s
moduli E1 and E3 in the directions parallel and perpen-
dicular to the spraying plane (Ref 1).

A number of theoretical papers (Ref 4-7) explaining
the low values of elastic moduli have already been pub-
lished. The material of the splats is considered as a linear
elastic isotropic continuum characterized by two elastic
constants, Young’s modulus E0 and Poisson’s ratio m0. The

Fig. 1 Microstructure of plasma-sprayed gray alumina
(Al2O3 + 3% TiO2, vertical cross-section) White areas: TiO2, (1)
Irregular pores between the splats, (2) Spherical pores inside the
splats, (3) Intersplat thin voids (intersplat or horizontal micro-
cracks), (4) Intrasplat (vertical) microcracks. (SEM, B. Kolman,
Institute of Plasma Physics, Prague)
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microcracks are modeled as flat hollow rotational ellip-
soids (called circular cracks), randomly distributed in the
continuum as two families: intersplat cracks parallel to the
x1x2 plane and intrasplat cracks with normals randomly
distributed in the x1x2 planes (Fig. 2). Also a small effect
of approximately spherical pores is taken into account.
The material is anisotropic with the transverse isotropy
(Ref 8), characterized by five independent elastic con-
stants. The cracks are assumed to be sufficiently opened so
that the same elastic behavior in tension and compression
follows.

The linear Hooke’s law between small deformations eij

and small stresses rij can be written generally (using the
reduced index notation (Ref 8)) in the form

ei ¼
X6

j¼ 1

Sij rj ; i ¼ 1; 2; . . . ; 6 ðEq 1Þ

where Sij are the elastic compliance constants (it is, e.g.,
e1 = e11, r1 = r11, S11 = 1/E1, e6 = 2e12, r6 = r12, S66 = 1/G12).

For the transverse isotropy with respect to the x1x2

plane, it is:

S11 ¼ S22 ¼ 1=E1; S33 ¼ 1=E3

S12 ¼ S21 ¼ � m12=E1; S31 ¼ S32 ¼ S13 ¼ S23

¼ � m31=E3 ¼ � m13=E1

S44 ¼ S55 ¼ 1=G13; S66 ¼ ½2ð1 þ m12Þ�=E1 ðEq 2Þ
with five independent elastic constants: E1 (Young’s
modulus in the isotropic x1x2 plane), E3 (Young’s modulus
in the x3 direction), m12, m31, and G13. The defect structure
of the sprayed materials can be modeled by spherical
pores of radii Rk and by circular cracks of radii r1k and r3k

(Fig. 2). The porosity P, 0 < P << 1, is mainly due to
irregular, approximately spherical pores between the
splats, and to smaller extent to spherical pores inside the
splats. The effect of cracks on the elastic constants can be
characterized by the so-called scalar crack densities q per
unit volume (Ref 5-7,9,10), in our case by q1 and q3. They
can be expressed as

P ¼ ð1=V Þ
Xn

k¼1
ð4=3Þ p R3

k

q1 ¼ ð1=V Þ
Xm

k¼1
r31k ; q3 ¼ ð1=V Þ

Xq

k¼1
r33k ðEq 3Þ

The effect of cracks is not given by their areas (propor-
tional to r2), but by the ‘‘adjoined volumes’’ proportional
to r3 (Ref 9): a larger crack has a larger effect than smaller
cracks of the same total area. The dependence of the five

elastic constants on P, q1 and q3 can be constructed using
the results of papers (Ref 5,9,10) as a sum of the effects of
porosity and scalar crack densities. Only the results for the
Young’s moduli E1 and E3 from (Ref 5) will be given here:

E1 ¼ E0=f1þ c1 P=ð1� PÞ þ a1 q1=ð1� PÞg
E3 ¼ E0=f1þ c3 P=ð1� PÞ þ a3 q3=ð1� PÞg ðEq 4Þ
where the positive constants c1, a1, c3 and a3 depend on
Poisson’s ratio m0:

c1 ¼ c3 ¼ 3ð1� v0Þð9þ 5v0Þ=½2ð7� 5v0Þ�
a1 ¼ 8ð1� v20Þð1� 3v0=8Þ=½3ð1� v0=2Þ�; a3 ¼ 16ð1� v20Þ=3

ðEq 5Þ
The interaction between pores and cracks is taken into
account in Eq 4 in a simplified way in the scheme of the
effective stress field, and is expressed by terms 1/(1)P)
(Ref 9,10).

For fixed porosity P and crack densities q1 and q3, the
Young’s moduli in Eq 4 can be taken as a first approxi-
mation for small deformations eij and small stresses rij.

As an example, the dependence of E1/E0 on the scalar
crack density q1 is shown in Fig. 3 for three values of
porosity P and three values of Poisson’s ratio m0.

The modeling of microcracks as a distribution of flat
hollow rotational ellipsoids (Ref 4-7) is far from the real
microcrack distribution, shown in Fig. 1. Rather, the in-
tersplat boundary structure reminds of islands of good
bonding, surrounded by interconnected unbonded regions
(intersplat microcracks) of complicated shapes (Ref 11).
The intrasplat microcracks form irregular nets of micro-
cracking inside the splats. Nevertheless, the models
developed in Ref 4-7 can be considered as useful simpli-
fied theoretical models which can be treated analytically
and which explain in principle the small values of Young’s
moduli and elastic anisotropy of thermally sprayed mate-
rials.

There is a high number of measurements of Young’s
modulus E1 and a smaller number of measurements of E3,
and the total porosity P is also usually determined (Ref 1).
On the other hand, there are only a few attempts to esti-
mate the densities and dimensions of microcracks. The
unbonded areas between the splats and intrasplat micro-
cracks were made visible in sprayed alumina by copper
decoration (Ref 12) and the fraction of the unbonded
areas was estimated as large as 70%. The total surface
areas of all cracks and pores of the order of 106 m2/m3 (i.e.,
1 lm2/lm3) were measured in plasma-sprayed zirconia
and alumina by small-angle neutron scattering in a series
of papers by Ilavsky et al., e.g., in Ref 13. A quantitative
comparison of the theoretical predictions with experi-
mental results is proposed in Ref 14,15.

3. Nonlinear Behavior in Uniaxial
Compression and Tension

The sprayed materials could be considered as the
so-called bimodular materials, i.e., the materials with

Fig. 2 Theoretical model of the defect structure: (a) spherical
pores, (b) horizontal microcracks (c) vertical microcracks (Ref 5)
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different Young’s moduli under tension and compression
(Ref 16). Moreover, their behavior in tension and in
compression is strongly nonlinear.

A similar strong nonlinear behavior in compression is
known in geophysics. The effect of hydrostatic pressure on
the velocity of elastic waves, which depends on elastic
constants, is an important phenomenon in geophysics. In
the theoretical papers (Ref 17,18) this effect is explained
by the closing of cracks present in the rocks, although

usually to a smaller extent than in plasma-sprayed
ceramics. Under hydrostatic pressure the bulk modulus of
rocks increases, and the effect is found to be purely elastic
and reversible (Ref 17). On the other hand, under uniaxial
compression Young’s modulus of rocks also increases with
compressive stress; however, the effect is not purely elastic
and inelastic hysteresis appears during stress cycling (Ref
18). This is explained by the relative shear displacements
along the surfaces of cracks forming different angles with
the stress axis, which leads to friction and energy
absorption. These effects have been experimentally con-
firmed (Ref 17-20) and are well recognized in geophysics.

Similar but more pronounced effects of compressive
external or residual stresses on elastic moduli appear in
thermally sprayed materials, especially in plasma-sprayed
ceramics with high density of microcracks, as discussed
first in Ref 21 and analyzed theoretically in (Ref 22-24). In
these papers, the nonlinear behavior in compression (in-
crease of Young’s moduli wih compressive stresses) is
explained for anisotropic materials by the decrease of
crack densities q1 and q3, by elastic closing of microcracks
due to compressive stresses; i.e., by the dependences
q1(r1) and q3(r3). However, these dependences are not
yet known from experiments nor from theory and were
chosen in Ref 22-24 to get agreement with experiments,
e.g., in Ref 25,26.

In contrast to geophysics, the nonlinearity at tensile
stresses is also important in coatings. However, the growth
of microcracks due to tensile stresses, leading to decrease
of Young’s moduli, is an inelastic process, which is more
complex than the elastic closing of microcracks by com-
pressive stresses. No attempt to study this process gener-
ally in anisotropic materials has been published, and no
dependences q1(r1) and q3(r3) discussed for tensile
stresses.

To describe the nonlinear behavior of coatings, a sig-
nificant simplification of the nonlinear theory of elasticity
is used: only the physical nonlinearity is considered, i.e.,
the stress-strain relations are nonlinear. On the other
hand, the geometrical linearity is applied, i.e., the strain
components eij are assumed small, |eij| << 1, and the
relations for strains eij = (1/2)(¶ui/¶xj + ¶uj/¶xi) (where ui

are the displacement components) following from the
linear theory of elasticity are used (Ref 27). In spite of the
considerable physical nonlinearity, the strain components
in coatings remain very small, |eij| < 10)2.

Sprayed ceramic coatings on (usually metal) substrates
are deformed under strain-driven loading (controlled by
the substrate deformation) and retain their integrity by
constraint due to the substrate up to tensile deformations
between 0.2 and 0.4%, when macroscopic cracks start to
form by interconnection of microcracks. There is a con-
tinuous transition from nonlinear deformation to macro-
crack formation.

The nonlinear behavior under tension may have vari-
ous origins:

• Some microcracks with their faces in contact, however,
without bonding, may gradually elastically open with
increasing tensile stress. This will lead to a gradual

Fig. 3 Dependence of E1(q1)/E0 for porosities p = 0, p = 0.075,
and p = 0.15. Full curves: m0 = 1/3; dotted curves: m0 = 0; dashed
curves: m0 = 1/2 (Ref 5)
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increase of the effective microcrack density by a purely
elastic process and to elastic nonlinearity: with
increasing tensile stress, Young’s moduli will decrease.

• Under uniaxial stress, there are also shear stresses
along some microcracks which may lead to relative
displacements with local friction, energy absorption
and inelastic contribution.

• Moreover, some local bonds may be so weak that they
can be broken even at small tensile stresses. Therefore,
some microcracks can grow or new microcracks can be
formed and this process leads to a small increase of the
microcrack densities and to a small energy absorption.

The effective Young’s modulus will decrease during the
tensile loading; however, some microcracks will again
close during unloading and a hysteresis curve should be
measured during a cyclic tensile loading. The corre-
sponding contribution to nonlinearity can be called
inelastic.

At larger tensile stresses, macroscopic cracks are
formed by interconnection of microcracks and permanent
irreversible damage starts to form inside the material as a
process preceding fracture.

Some systematic measurements of the nonlinear pro-
cesses under a higher tensile deformation, preceding
fracture in plasma-sprayed ceramics, were started recently
(Ref 28).

A simple nonlinear stress–strain relation which could
agree with these experiments will be proposed. An
empirical relation used in (Ref 23) for uniaxial elastic
compression will be employed and extended to inelastic
tensile deformation. It will be taken in the form

r ¼ E1 ðe � K e2Þ for� 0:5 � 10�2 < e < 1=K;

r ¼ 0 for e > 1=K ðEq 6Þ
The values of the new dimensionless material constant K
characterizing the nonlinearity can be expected in the
region 50 < K < 200 for sprayed metals and 200 < K < 600
for sprayed ceramics (Ref 23). It may be different for
deformation in the x1x2 plane for r1(e1) and in the x3

direction for r3(e3). In some cases, the value of K might be
different for elastic compression and inelastic tension. The
limit value for compressive deformations, )0.5� 10)2, is
chosen rather arbitrarily as it depends on the material. For
larger compressive deformations, most cracks become
closed and linear elastic behavior with Young’s modulus
close to E0 follows. The values of K can be fitted so as to
give a good agreement with experimental r(e) curve in
compression as well as in tension from papers (Ref 25,28).

The stress–strain relation (6) is plotted in Fig. 4 for
different values of K. The maximum possible value of
tensile stresses follows from condition dr/de = 0, i.e.,
rMAX = E1/(4K) for eMAX = 1/(2K).

Tangent modulus ETAN = dr/de and secant modulus
ESEC = r/e follow from Eq 6 as

ETAN=E1 ¼ 1� 2 Ke

ESEC=E1 ¼ 1� Ke; �0:5� 10�2 < e < 1=K ðEq 7Þ

They have a similar meaning as Young’s moduli for
elastic compression; however, they only describe the shape
of the inelastic stress-strain curve in tension and will be
called simply tangent and secant (effective) moduli. They
can also be expressed as functions of stress r because
deformation e can be calculated from the algebraic qua-
dratic Eq 6 as a function of r.

The moduli are plotted in Fig. 5(a), and (b) as functions
of normalized deformation 2Ke and of dimensionless
stress 4Kr/E1. They are also denoted as functions of e and
r for K = 300 and E1 = 50 GPa.

The proposed nonlinear relation r(e), Eq 6, and the
dependence ETAN(r) can be compared with recent
experiments.

The r(e) relation was measured for plasma-sprayed
ceramic coatings on the compression or tension side of a
steel substrate deformed by bending (Ref 28). Stress r and
strain e were evaluated in the central plane of the coating
and the experimental curve for Al2O3 coating is repro-
duced in Fig. 6(a). The full curve corresponds to loading
and the dashed curve to unloading. There is a moderate
hysteresis under compression and a strong hysteresis un-
der tension. The experimental curve is compared with the
proposed r(e) relation, (Eq 6), with E1 = 20 GPa and
constant K = 300.

Ultrasound velocities under increasing uniaxial com-
pression in plasma-sprayed freestanding ceramic speci-
mens were measured in Ref 25. Elastic stiffness constants
CTAN

11 were then evaluated and tangent moduli estimated
from the relation ETAN@ 0.8 CTAN

11. The experimental
dependence ETAN(r) for Al2O3 is plotted in Fig. 6(b) and
compared with the theoretical curves from Fig. 5(b) for
E1 = 40 GPa and three values of constant K.

The dependence of Young’s modulus on compressive
and tensile stresses was also shown, e.g., in Ref 29 from
bending tests for thermal barrier coatings (ZrO2 + 7-8
wt.% Y2O3) on superalloy substrates. Free-standing
coatings were deformed in pure tension and pure com-
pression in Ref 30, and dependences of Young’s moduli on
stress were found.

Fig. 4 Nonlinear stress–strain relation (Eq. 6) for different
values of material constant K. The tension region is depicted in
detail
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The agreement between the experimental and theoret-
ical curves is not perfect; however, there is a good quali-
tative agreement for tension as well as for compression.

Similar nonlinear effects should appear for other
physical properties of coatings influenced by the
presence of microcracks. For example, thermal conduc-
tivity k of sprayed thermal barrier coatings, usually
ZrO2 + 8%Y2O3, is only k @ 0.5 Wm)1 K)1 in the direc-
tion normal to the interface; i.e., about four times smaller
than the value for the well-sintered material, k @
2 Wm)1 K)1 (Ref 1). This effect is due to the imperfect
bonding between the splats, i.e., to the intersplat micro-
cracks. Therefore, thermal conductivity k should increase
under uniaxial pressure acting on the coating plane (or
under hydrostatic pressure), leading to the gradual elastic
closing of intersplat microcracks and to the effective
decrease of their density.

Two cases of application of Eq. 6 will be discussed,
nonlinear bending and nonlinear combination of external
and residual stresses.

4. Bending of Beams with Nonlinear
Coatings

Pure bending due to initial deformation e in the coating
and due to external moment M (per unit thickness in the

x2 = y direction, Fig. 7) will be studied as a plane stress
problem. The initial deformation may be attributed,
e.g., to the secondary (differential thermal contraction)
residual stresses caused by cooling of the coating with
substrate from temperature T to reference temperature
T0, T > T0 . Homogeneous initial deformations in the x1

direction in the coating and the substrate are e = a (T0)T),
eS = aS (T0)T), where a and aS are the constant thermal
expansion coefficients of the coating and substrate,
respectively. For simplicity, we assume in the further text
that in the coating e = (aS)a)(T)T0) = constant, while in
the substrate eS = 0, without loss of generality.

Fig. 7 Bending of a beam by initial deformation e in the coating
and by external moment M

Fig. 6 (a) Comparison of experimental curve r(e) for Al2O3 coating after (Ref 28) with theoretical relation (Eq. 6) for K = 300. (b)
Comparison of ETAN(r) dependence in compression for Al2O3 , based on experiments in Ref 25, with the theoretical relation (Eq. 7) for
three values of constant K

Fig. 5 Dependence of the dimensionless tangent and secant moduli on: (a) Normalized deformation (Eq. 7), (b) Dimensionless stress.
The moduli are also given in dependence on deformation e and stress r for K = 300 and E1 = 50 GPa
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In view of compatibility equations, the total strain in
the x1 = x direction, eT

xx = eT , must be a linear function of
coordinate x3 = z and will be written as

eT ¼ Aðz=hÞ þ B;�hS � z � h ðEq 8Þ
where h and hS are the thicknesses of the coating and
substrate, respectively. A and B are dimensionless con-
stants, which can be determined from the equilibrium
conditions.

Elastic deformations e in the x direction in the coating
and substrate are given by

e ¼ eT � e ¼ Aðz=hÞ þ B� e; 0< z � h

e ¼ eT ¼ Aðz=hÞ þ B;�hS � z < 0 ðEq 9Þ
A homogeneous isotropic elastically linear substrate with
Young’s modulus ES is considered, by assuming

r ¼ ES e; � hS � z < 0 ðEq 10Þ
A nonlinear elastic stress–strain relation for the coating
will be taken in the form given by Eq 6. The unknown
constants A and B can be calculated from the conditions
of equilibrium of forces and moments over any cross-
section x = constant:

Z0

� hs

rðzÞdz þ
Zh

0

rðzÞdz ¼ 0 ðEq 11Þ

Z0

� hs

rðzÞzdz þ
Zh

0

rðzÞzdz ¼ M ðEq 12Þ

where in the first and second integrals r(z) is given by Eq
6 and 10 (with 9), respectively.

The integrals in (Eq 11) and (Eq 12) are elementary
and can be evaluated analytically. Equations 11 and 12
then transform into a system of two nonlinear algebraic
equations for two unknown constants; A and B,

3D½�H2A þ 2HB� þ 3A þ 6ðB� eÞ
� 2K½A2 þ 3AðB� eÞ þ 3ðB� eÞ2� ¼ 0 ðEq 13Þ

2D½2H3A� 3H 2B� þ 4A þ 6ðB � eÞ
� K½3A2 þ 8AðB � eÞ þ 6ðB � eÞ2� ¼ 12m ðEq 14Þ

where dimensionless quantities have been introduced:

D ¼ ðES=E1Þ; H ¼ ðhS=hÞ; m ¼ M=ðE1h2Þ ðEq 15Þ
Solving for A and B, the stresses r(z) follow from Eq. 6
and 10 with Eq. 9. The radius of curvature R of the beam
can be calculated as R = h/A.

The solution for a linear coating, i.e., for K = 0, was
established by several authors, e.g., in Ref 31. For this
simple case, Eq. 13 and 14 transform into a system of two
linear algebraic equations for A and B which can be
solved analytically.

In case K „ 0, Eq. 13 and 14 for constants A and B
cannot be solved analytically. Therefore, the solution for a

nonlinear coating was performed numerically (Ref 31) by
mathematical software package MAPLE (Maple 6,
Waterloo Maple Inc., Ontario, Canada) and the MAPLE
built-in function fsolve was used.

Numerical solution (Ref 31) was carried out for the
ratio of Young’s moduli D = (ES/E1) = 4 as a typical value
for a ceramic coating (e.g., Al2O3) on a steel substrate.
Two values of the thickness ratio H = (hS/h), H = 2, and
H = 5, were chosen as typical values of thick and thin
coatings. The values of the material constant K (taken as
equal under compression and tension) were chosen as
K = 0 (linear coating), 200, 300, 400. The results are
expressed in the form of tables for constants A and B and
of graphs r(z/h) where the dimensionless coordinate
(z/h) = t is introduced. It is possible to represent the
stresses in dimensionless form as (r/E1) without specifying
the value of Young’s modulus E1; however, the values of
stresses r(t) in MPa are directly given in the graphs for
E1 = 50 GPa (ceramic coating) and ES = 200 GPa (steel
substrate).

Only three examples will be given here for D = 4, H = 5,
and K = 300: stresses due to initial deformations e only
(i.e., for m = 0) in Fig. 8, stresses due to external moments
m only (i.e., for e = 0) in Fig. 9 and stresses due to a
combination of e and m in Fig. 10. The values of e > 0 and
m < 0 lead to compressive stresses. Similar results for
compressive stresses for another e(r) relation were
obtained (Ref 32). The results for linear solution (K = 0)
are shown by dashed curves so that the effect of nonlin-
earity is visible. Note that in the nonlinear treatment the
combined case in Fig. 10 is not equal to the sum of the
special cases.

The importance of the nonlinear combination of the
residual and external stresses will be illustrated on the
simple case of a thin coating on a thick substrate where an
analytical solution can be obtained even for the nonlinear
case.

Fig. 8 Compressive residual stresses in coatings on substrates
due to initial deformations e = 0.001 and e = 0.003. Full lines cor-
respond to the nonlinear solution, dashed lines to the linear
solution (D = 4, K = 300, H = 5) (Ref 31)
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5. Nonlinear Combination of Residual
and External Stresses

The macroscopic residual stresses act in the directions
parallel to the spraying plane x1x2 (Fig. 7), r11R�r22R

while r33R� 0. In thin coatings, the residual stresses are
approximately constant.

Some comments will be given on the effect of residual
stresses on the Young’s moduli and on the nonlinear
behavior of sprayed coatings with residual stresses. Plane
stress problem will be assumed for simplicity.

Residual stresses r11R, have the same effect on the
intrasplat (vertical) microcracks inside the splats as
external stresses r11. Therefore, under compressive
residual stresses r11R, some intrasplat cracks will be closed
and Young’s modulus E1, measured under small external
stresses, will be higher than that of the material without
residual stresses. Under tensile residual stresses r11R, the
density of intrasplat microcracks increases and Young’s

modulus E1 will be smaller than in the case without
residual stresses.

Two types of bending experiments are used for char-
acterization of coatings:

• From the measured radius of curvature of specimens
without external moments, the residual stresses in the
coatings can be determined.

• From the measured radius of curvature under external
moment, the Young’s modulus E1 of the coating can be
determined.

For the linear case the superposition of residual and
external stresses is linear. On the other hand, in the non-
linear case the combination of nonlinear residual and
external stresses is also nonlinear, and this has an impor-
tant consequence. If the stress–strain relations or elastic
constants are measured under external loading in speci-
mens with (known or unknown) residual stresses, the re-
sults will depend on these residual stresses and will differ
from those in the specimen without residual stresses.

This result will be illustrated on the simple case of a
thin coating on a thick substrate where an analytical
solution can be obtained even for the nonlinear case,
based on Eq 6.

In a thin coating on a thick substrate, the stress in the
coating only slightly depends on coordinate x3 = z and can
be taken as approximately constant for h << hS, where h
and hS are the thicknesses of the coating and substrate,
respectively:

• For a given homogeneous initial deformation eR

(without external stresses), the corresponding elastic
deformation eR is also homogeneous, eR = )eR,
because the substrate practically does not deform and
total deformation in the coating eT = eR + eR = 0. The
constant residual stress rR follows from Eq 6 as
rR = E1(eR–KeR

2).

• For a given homogeneous external deformation eEXT

(without residual stresses) induced by the elastic
deformation of the substrate, eEXT < 1/(2K), external
stress rEXT following from Eq 6 is also constant and
rEXT = E1(eEXT–KeEXT

2).

Both cases a and b can be represented in Fig. 11 by a
general r(e) curve given by Eq 6. In case a, the residual
stress rR and the corresponding deformation eR are rep-
resented by one point P on this curve for compressive
residual stresses (or by P¢ for tensile residual stresses). In
case b, the rEXT(eEXT) dependence (without residual
stresses) is, of course, identical with the r(e) curve with
respect to the zero point r = 0 and e = 0.

• However, if the external deformation eEXT is exerted
on the coating with a given initial deformation eR, the
origin of the rEXT(eEXT) curve will be displaced with
respect to the origin of the r(e) curve to the point P (or
P¢) corresponding to eR and rR , as shown in Fig. 11.
New coordinates for the rEXT(eEXT) dependence are
plotted in Fig. 11 by dashed lines.

Fig. 9 Tensile external stresses due to dimensionless moments
m (D = 4, K = 300, H = 5, m = 0.01 and m = 0.03) (Ref 31)

Fig. 10 Combination of compressive residual stresses with
compressive external stresses (D = 4, K = 300, H = 5, e = 0.003,
m = )0.01, and m = )0.03) (Ref 31)
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The function rEXT(eEXT), using the new coordinates,
will be different from the plot r(e) in the original coor-
dinates. The given deformations eR = )eR and eEXT (ex-
erted by the linear substrate deformation) sum up to the
resulting deformation eR + eEXT so that the constant total
stress rT = E1[(eR + eEXT))K(eR + eEXT)2]. The total
stress can be divided into two parts, rT = rR + rEXT,
where rR is the original constant residual stress and rEXT

is the stress measured during external loading, growing
from zero. Therefore, the external stress can be written as:

rEXT ¼ E1½ðeR þ eEXTÞ � KðeR þ eEXTÞ2� � rR

¼ E1½eEXT � Kðe2EXT þ 2 eR eEXTÞ� ðEq 16Þ
and depends on the initial deformation eR = )eR.

Tangent and secant moduli under external stress in
specimens with initial deformations follow as:

ETAN ¼ drEXT=deEXT ¼ E1½1� 2KðeEXT þ eRÞ�
ESEC ¼ rEXT=eEXT ¼ E1½1� KðeEXT þ 2eRÞ� ðEq 17Þ
and are also functions of initial deformation eR = )eR.

6. Comments on Fracture under Tensile
Stresses

With increasing tensile stresses r, a mesoscopic crack
crossing the whole splat and approximately perpendicular
to the direction of r may develop inside a splat from the
microcrack network. Under even higher tensile stresses r,
the extension of the mesoscopic crack from one splat into
the neighboring splats will take place and the nucleus of a
macroscopic vertical crack will be formed. The formation
of the vertical cracks is, from a microscopic point of view,
a process of coalescence of intrasplat microcracks. The

crack nucleus usually takes the form of an elongated
surface crack of small depth d (Fig. 12). Macrocracks
perpendicular to the interface develop in coatings under
higher tensile stresses, during tensile deformation or
bending of the substrate with a coating on the tension face
(Fig. 12d-f ). New macrocracks are formed with increasing
substrate deformation and the coating separates into
blocks (Ref 33).

Crack propagation under bending was studied in zir-
conia thermal barrier coatings (Ref 34) and nonlinear
tensile stress–strain curve was measured from small
stresses to fracture.

The final stage of a macroscopic crack penetrating the
whole thickness of a zirconia coating and even of the
metal bond coat (Ref 33) is shown in Fig. 13. The sur-
prizing penetration of the crack into the metal NiCr bond
coat may be due to the fact that in this case the bond coat
was prepared by air plasma spraying so that the splats
were covered by oxides leading to a very brittle bond coat.
On the other hand, the crack does not penetrate into the
steel substrate and deviates along the bond coat–substrate
interface.

While the behavior of coatings and freestanding parts
under compressive stresses is similar, the process of frac-
ture under higher tensile stresses is very different. In free-
standing parts under stress-driven loading, a critical crack
is formed after a small, approximately elastic deformation
of the order 0.02–0.04% and brittle fracture follows (Ref
35,36). On the other hand, sprayed ceramic coatings on
substrates are deformed under strain-driven loading
(controlled by the substrate deformation) and retain their
integrity by constraint to the substrate up to larger
deformations, of about 0.5% (as proposed in Fig. 4), when
already macroscopic cracks are formed; however, the
coating still adheres to the substrate. Nevertheless, the
average stress r in the coating approaches zero (Fig. 4).

The extension of a coating crack in the direction to the
interface with a substrate having different elastic constants
has been studied as a plane strain problem using the
fracture mechanics by different authors, quoted e.g., in the
review article (Ref 37). As soon as the crack reaches the
interface, it can stop there, propagate along the interface
or penetrate into the substrate.

The stress intensity factor KI for a crack of length a in
the coating of thickness h is calculated numerically for
chosen combinations of elastic constants as a function of
dimensionless crack length a/h in Ref 38. Only the case

Fig. 11 Combination of residual and external stresses in a thin
coating on a thick substrate

Fig. 12 Fracture (d, e, f) and delamination (a, b, c) of a coating
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where the crack is repelled by the interface is treated
(E1 << ES). The method of finite elements is used, which
is also applied for computation of the stresses induced in
front of the crack.

When the crack tip approaches the interface, high
tensile stresses rzz and smaller shear stresses rxz are in-
duced by the crack in the interface. Decohesion in the
interface is formed by these stresses in front of the crack
tip and the crack in the ceramic coating reaches the
interface, in a similar fashion to a crack approaching a free
surface. The resulting configuration is a crack deviating
along the interface (Fig. 12, 13).

The low bond strength rB (or small KIC) of the inter-
face which enables the local decohesion in front of the
crack tip (by interconnection of the interface microcracks)
and crack deviation into the interface is typical for the air
plasma spraying commonly used for ceramics. High tensile
stress rzz in front of the crack tip can also induce short
intersplat cracks within the coating by interconnection of
the intersplat microcracks. The path of the main vertical
crack then shows local horizontal deviations (Fig. 13).

7. Conclusions

It is well-recognized that the mechanical properties of
thermally sprayed materials, especially of ceramics, are
governed by the presence of two types of mesoscopic de-
fects, thin intersplat voids and intrasplat microcracks. The
main idea of this review (partly based on the authors
results) is the fact that the mechanical properties of
sprayed coatings are strongly nonlinear, due to a gradual
elastic closing of intrasplat microcracks under compres-
sion and to inelastic growth of density of these micro-
cracks under tension.

The theory of linear elastic properties at very small
stresses, based on small elastic closings or elastic partial
openings of microcracks, summarized critically in Chapter
2, explains well the small values of Young’s moduli and
the elastic anisotropy.

The nonlinear behavior under uniaxial compression
and uniaxial tension, in directions parallel to the interface,
is characterized in Chapter 3 by the formally proposed
nonlinear stress–strain relation (6), depicted in Fig. 4. The
value of the new dimensionless material constant K > 0
characterizes the degree of nonlinearity. The theoretical
stress-strain relation describes well the increase of
Young’s modulus under compression and the decrease of
effective modulus under tension. The values of K can be
chosen to give a good agreement with experiments.

The theoretical results for bending of substrates with
nonlinear coatings in Chapter 4 show an important cor-
rection of the linear solution, especially for higher stresses,
corresponding to higher initial deformations e and higher
external moments M.

The fact that the combination of the residual and exter-
nal stresses is nonlinear is emphasized in Chapter 5. Young’s
modulus E1 of the coating, measured from bending of a
beam with coating by external moments, may depend on the
residual stresses in the coating and this may partly explain
different values of E1 measured by different authors.

The nonlinear behavior of ceramic coatings under
tensile stresses, due to inelastic crack growth, transfers at
higher stresses into the macroscopic crack formation and
fracture processes, as mentioned in Chapter 6. In spite of
the repulsion of cracks in the ceramic coating by the metal
substrate (it is usually E1 < E0), the concentration of the
tensile stresses in front of the crack tip leads to the deb-
onding of the weak ceramic–metal interface (with a lot of
microcracks) and the crack deviates along the interface (as
shown in Fig. 12 and 13).

There is an important difference between the ceramic
coatings and ceramic free-standing parts prepared by
thermal spraying. The distribution of microcracks and the
behavior under compression is similar. However, their
behavior under tension is completely different. The
coatings are deformed by the strain-driven loading (con-
trolled by the substrate deformation), retain their integ-
rity up to a relatively large strain and the nonlinear
behavior and then the special fracture process can

Fig. 13 Macroscopic crack in ZrO2 + 8 wt.% Y2O3 coating, penetrating into the NiCr bond coat and deviating along the steel substrate
interface. The crack is open due to plastic bending of the steel substrate; the plastic elongation at the substrate interface is 0.8% (Ref 33)
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develop. On the other hand, free-standing parts are
deformed by the stress-driven loading and, with increasing
stress, critical crack will be formed from microcracks at
very small deformation (of the order of 0.01%) and brittle
fracture will take place, without the preceding nonlinear
region.

There is one important difference between the metal
and ceramic coatings. The relaxation of the quenching
stresses in sprayed metals proceeds preferentially by
plastic deformation and interface sliding, and intrasplat
microcracks are rare. Nevertheless, the Young’s moduli E1

in the direction paralell with the spraying plane are also
smaller than Young’s moduli of well sintered metals E0: it
is E1 @ (0.4)0.8) E0 while in ceramics E1 @ (0.1)0.4) E0.
Therefore, the nonlinear behavior of metal coatings
should be less pronounced.

The decrease of microcrack density under compression
and the increase of microcrack density under tension
result in a remarkable nonlinearity in the mechanical
behavior of plasma-sprayed ceramic coatings. Within a
compressive and tensile deformation of a few per mille,
the moduli may change by an order of magnitude.
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13. J. Ilavský, A.J. Allen, G.G. Long, S. Krueger, C.C. Berndt, and
H. Herman, Influence of Spray Angle on the Pore and Crack
Microstructure of Plasma-Sprayed Deposits, J. Amer. Ceram.
Soc., 1997, 80, p 733-742

14. I. Sevostianov, L. Gorbatikh, and M. Kachanov, Recovery of
Information of the Microstructure of Porous/Microcracked
Materials from the Effective Elastic/Conductive Properties, Ma-
ter. Sci. Eng., 2001, A318, p 1-14

15. I. Sevostianov, M. Kachanov, J. Ruud, P. Lorraine and M. Du-
bois, Micromechanical Analysis of Plasma Sprayed TBC:
Anisotropic Elastic and Conductive Properties in Terms of
Microstructure. Experimental Verification on YSZ Coatings,
Thermal Spray 2003:Advancing the Science and Applying the
Technology, B.R. Marple and C. Moreau, Ed., May 5–8 2003,
ASM International, Orlando, Fl, 2003, Vol. 2, p 1557-1563

16. S.A. Ambarcumjan, Bimodular Theory of Elasticity (in Russian).
Moskva, Nauka, 1982

17. J.B. Walsh, The Effect of Cracks on the Compressibility of
Rocks, J. Geophys. Res., 1965, 70, p 381-389

18. J.B. Walsh, The Effect of Cracks on the Uniaxial Elastic Com-
pression of Rocks, J. Geophys. Res., 1965, 70, p 399-411

19. W.F. Brace, Some New Measurements of Linear Compressibility
of Rocks, J. Geophys. Res., 1965, 70, p 391-398
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